
GENERAL ANALYSIS
PhD Qualify Exam. Sep. 24, 2010

(E: easy, M: moderate, D: difficult)

1. (E, 15 pts, 2004, 9) Let 𝑓 and 𝑓𝑘, 𝑘 = 1, 2, . . . be measurable and finite a. e. in 𝐸, where
𝐸 ⊂ ℝ

𝑛 has finite measure. Prove that if 𝑓𝑘 → 𝑓 a. e. , then 𝑓𝑘 converges to 𝑓 in measure.

2. (E, 15 pts, 2004, 9) Let {𝑓𝑘} be a sequence of nonnegative measurable functions defined on
𝐸 ⊂ ℝ

𝑛. Prove that if 𝑓𝑘 → 𝑓 pointwise and 𝑓𝑘 ≤ 𝑓 for all 𝑘, then
∫
𝐸
𝑓𝑘 →

∫
𝐸
𝑓 as 𝑘 → ∞.

3. (E, 15 pts, 2007, 9) Show that every Lebesgue integrable function is the limit, almost every-
where, of a certain sequence of step functions.

4. (D, 20 pts, 2007, 9) 1 < 𝑝 < ∞, 𝑓 ∈ 𝐿𝑝(0,∞). Define

𝐹 (𝑥) =
1

𝑥

∫ 𝑥

0

𝑓(𝑡)𝑑𝑡, 0 < 𝑥 < ∞

(a) Prove that

∥𝐹∥𝑝 ≤ 𝑝

𝑝− 1
∥𝑓∥𝑝

(b) Prove that the equality holds only if 𝑓 = 0 a.e..

5. (E, 15 pts) Let 𝑓 be a nonnegative measurable function defined on 𝐸 ⊂ ℝ. Show that for
any 𝜆 > 0,

𝑚{𝑥 ∈ 𝐸∣𝑓(𝑥) ≥ 𝜆} ≤ 1

𝜆

∫
𝐸

𝑓,

where 𝑚{. . . } denotes the measure of that set.

6. (M, 20 pts) Let 𝑓 be a bounded function on the closed, bounded interval [𝑎, 𝑏]. Then 𝑓 is
Riemann integrable over [𝑎, 𝑏] if and only if the set of points in [𝑎, 𝑏] at which 𝑓 fails to be
continuous has measure zero.


