
Natne: 	 Algebra Exam 09/24/2010 

Show ALL ·work for full credit. 

(1) 	 [20] (a) Prove that every group of order 159 is cyclic. (h) Let G jw 1\ group of 
order 153. Show that the center of G contains a group of order 9. 

(2) 	 [20] Let X and Y be 110Il-7,CrO n x n COlllmuting matrices over Pl'Ove that 
if the characteristic polynomial of X has no mult iple roots. then the minimal 
polynomial of Y has no multiple roots. 

(3) 	 [20] Let f ; R .-'t S be a homomorphism between two COlIullutative rings 
with identity. Let p <;;;; 5 be a prime ideal. (a) Prove f -I ([1) is a prime 
ideal. (b) Find all the prime ideals in lR[.f] and C[.r]. Part (3) defines a map 
f* : Spec(S)----7Spec(R), from the set of prime ideaLs of S to the set of prime 
ideals of R. (e) Let f : lR[.r]--t·:C[:c] be the natural map. Prove that f* is 
either 2-to-l or 1-to-1. 

(4) 	[20] Let L/Q be a Galois extension of degn~e 15. (a) Show that every subex­
tension F/Q with Q <;;;; F <;;;; L is normal. (b) Suppose that f E K[X] is 
irredcucible and its splitting field is L. Show that deg(f) 15. 

(5) 	 [20] Consider the noncommutative ring R generated by :r and y over C with 
relation yx xy = 1. Prove that R is simple, i.e. the only two-sided idea.ls of 
Rare Rand {a}. 
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