Each question is 20 points.

. Let f,, fi € L?[0,1] for each n € N. Suppose that {f,,} is a sequence of absolutcly continuous
functions, and that there exist f, g € L?[0, 1] such that

lim [[fn = fllzee =0, lim || f;, = gllr204) = 0.
T2 00 I X3
Show that there exists a number ¢ € R such that

f@) =c+ /O ")t

for almost everywhere x € [0,1].

. Let ¢ € LY(R) be such that [, [p(z)|dz = 1. For £ > 0, define the function ¢, by

wo(x) = e pla/e),

then for any function f € LP(R), 1 < p < oo we have f"_ﬁ x — yey)dy — fin LP(R) as

e — 0.

. Let f,g be real-valued continuous functions defined on R and g(z + 1) = g(z). Show that

1

lim fl@yg(nz)de = (/ f(x)dx) (/ g(x)dz)
L= OO 0
and
2
lim fl@)sin(nz)dxr = 0.
T3 X2 0
. Let f be a real valued function defined on (0, 1) such that f(z) = 0 if x is rational and
fla) = al if = is irrational, where a is the first nonzero integer in the decimal representation

of «. Prove that f is measurable and find f(o ny fdz.

N 5 pt 1
. Show that f(?o ;}’iidi = Z? 1 n1’+1’

Vo e [-1, 1]
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