Partial Differential Equations PhD Qualifying Examination September 27, 2007

1. (15 points) Let £ € C!(R") and suppose that for each open ball B that there exists a solution of the
boundary value problem

—Au=f in B
du/dn=0 on B,

where n is the outward unit normal vector field to dB. Show that f = 0.
2. (15 points) Solve the nonlinear equation
U+ un, =10
with the initial condition u{x,0) = x. Sketch some of the characteristic lines.
3. (15 points) For x € R, t > 0, solve the problem

Uy — CPllyy = COSX

u(x,0) = sinx

w(x,0)=1+x

4. (25 points) Let L > 0 and consider the following initial-boundary value problem:

W — =0, O<x <L, 0«
u(x,0) = f(x), 0<x<L,
u(0,6) =0, u(L,t) =1, 0<,

where f is a continuous with piecewise continuous derivative on [0, L], £(0) =0, and f(L) = 1.
(a) Find the solution u{x,t) of the problem.
(b) Is the solution C* for ¢ > 07 Justify your answer.
(c) Find }Ln;u(x,t).
5. (15 points) Let U C R" be a bounded, open set with a smooth boundary dU. Let T > 0 and set Uy =
U x (0,T], I'r = Uz \ Ur. Consider the following initial-boundary value problem:
wy—Au=f in Ur
u=g on Iy
w=h on Ux{r=0}
Show that there exists at most one function 4 € C?(Uy) solving the above problem.

6. (15 points) Let A, a € R, with a > 0. Let #(x,y) be an infinitely differentiable function defined on a
neighborhood of D = {(x,y) € R? | ¥ +y* < 1} such that

Au+Au=0 in ¥*+y% <1
Ou/dn=—au on xX*+y’=1.

Here n denotes the outward unit normal vector field to dD.
Prove that if u is not identically zero in x2 +3% < 1, then A > 0.



