Real Analysis PhD Qualifying Examination February 29, 2008

1. (15 points)
(a) Give an example of a function that is in L2(R) but not in L!(R).
(b) Give an example of a function that is in L1{(0, 1)) but not in L2((0, 1)).

(c) Prove that any function f € L' (I)N L?(I) for any interval I C R must be in LP(1)
for all p between 1 and 2.

2. (20 points) Suppose f € L' (R).0 For each x € R, let g(x) = / e—ixy2f(y)dy.
R
(a) Prove that the integral exists for every x.
(b) Prove that g is a continuous function.

(c) Prove that there is a dense subset S of L!(R) such that if £ € S, then lim g(x) = 0.

e

(d) Prove that if f € LI(R), then |llim g(x)=0
x| o0

3. (10 points) Let (X, o7, i) be a measure space. Let f be a positive integrable function on X.
Prove that for each € > 0, there exists a 6 > 0 such that, for any A € &, if u(A) < 8 then

fAfduSe-

4. (10 points) Prove that there exists an orthonormal basis
1 1
B={rero)| [ OB oo o [T _g)
0 X 0 X
of L*(]0,1]).
|f(x)|dx

X

1
Hint: (i) Consider ¥ = {f € L*([0,1]) | / < co}, and let T' be an operator defined
0

onL9”bny:/(;1 f(x)zdx

(i1) Consider, for each n € N, the characteristic function g, = X[1/n1] of [l, 1].
’ n

foreach f € .%.
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5. (20 points) Let (X, 43, j1) be a finite measure space. Suppose that ( f,, },cx is a sequence of
functions in L (), converging almost everywhere to an L' (1) function f. Suppose also that

lim || fall1 = (| £1]1-
n—e

(a) Prove that for every measurable set A, lim / | fuldpt = / |fldu.
n—eo fA A
(b) Prove that ILm lfe = fllh =0.

6. (10 points) Let C € (0,1). For each N € N, show that there exists a dy, depending on C,
with the following properties:

(a) If Ay,...,Ay are measurable sets in [0, 1] each with measure C,
then m(A;NA;) > (1~ 8y)C? for some i # j;

(b) 1\1(1_[’110 oy = 0.

Hint: Let F = Z Xa,, where x4, denotes the characteristic function of the
n=1

subset A,. Find F Z,

7. (15 points) Let ( f,)nen be an orthonormal sequence in L*([0,1]). Let S, = Z fi
(a) Prove that ||S,|3 = ’_11
(b) Let (1) en be a sequence of positive integers such that i —;—J < oo, Prove that

Z |S;'J.|2 converges almost everywhere, and S, converges to 0 almost everywhere.
j=1
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