Qualified Examination: Partial Differentiation Equation

Sep., 2005

Do all problems. (E: easy, M: moderate, D:difficult)

1.

(15 points) (M)
Let u(z) = w(zy,---,2,) € C? for |z| < a; u € C° for |z| < a. And u > 0, Au = 0 for
iz| < a. Show that for |£| < a,

a"*(a — [€])
(a + &)1
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u0) < ul) < TS

u(0).

(15 points) (M) )
Let 2 C R" be open. Show that if there exists a function u € C?(Q)) vanishing on 9 for
which the quotient

Jol 7 ul? Jol 7w/
fn“2 fn w?

then Au + Au =0 in Q. That is, A is an eigenvalue of —A and u(z) is its eigenfunction.

= min{ cw e C*Q),w=0 on 00, w# 0} = ),

(15 points) (M)
Let u(z,t) be a solution of uy — Au=0, t€ R*, z € R% Suppose that ¢ > 0 and that
u(z,0) = u,{2,0) = 0 for |z| > a.

(a) Show that u(x,t) = 0 in the double cone |z| < |¢| - a for |t| > a.
(b) Show that there is a constant C' > 0 such that
f w*(z,t)dr < C, forallt>0.
R3
(15 points) (E)
Solve the initial boundary value problem
U + CUy = —Au, z,t>0.

u(r,0) =0, z>0; u(0,1)=g(t),t>0.

(Please discuss all the possible situations.)



5. (20 points) (M)
Use the Fourier transform method to solve the initial value problem

U = Ugy,, —OC<T<00, 120,
u(z,0) = f(z), —oo<z<oc.

And prove that u satisfies the following inequality

1
Wllfllq, t>0,
w 9 P

lullp(t) <

for 1 < g < p < oo. ( Note that the L?, L norms are with respect to z.)

6. (20 points) (M)

Let Lu = Zak(zz)—-—w, r = (x1,%2,x3) € £, where 2 is an open set in R* and a,(z} €
k=1

C™(82).

Given f € L*(2), we say that w is an L? weak solution of Lu = f in Q if u € L} (Q) and

loc

<u, L'y >=< f,¢ >, V¢ e CPQ),

3

where L'u = — Z 6(aku).

k=1 amk

Suppose that there is a constant ¢ such that
< fi9>< el Ld|lan), Yo € CP(Q).
Please prove that there exists an L? weak solution of

Lu=f.

(Note: < f,g>= [, fgda, || fl2 = ([, f*dz)3. )



