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. Let X be a random variable with finite second moment, and p be a median of X.

Prove |[EX — p| < V2VarX (10%)

. Let X,Y be independent random variables with common N(0,1) distribution.
Prove X +Y and X — Y are independent. (10%)

. Let X,Y be iid random variables which have finite vatiance and if Z; = X 4+ Y,
Z; = X —Y are independent, prove that X,Y, Z,, Z; are normal distributed.  (10%)

. Let X,Y be independent random variables. Prove X +Y is normal distributed if
and only X,Y are both normal. (10%)

. Prove that if X1, X,,...,X is a martingale, then for every ¢ > 0,
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P{sup|X,| > ¢ S—/ X|dP < -FE|X|.
{ n l | } € J{sup, |Xa|>e} l | € I | (10%)
. For sequence of r.v’s {X,}, if lim ES, =0 where S, = ZX,'. Prove (20%)
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(i) Sn=BSe | 4in probability.
n
.o Sn - ESn . |
(i) ———— not necessarily converges almost surely. |
n |
. Suppose {X,} is a sequence of iid symmetric r.v’s (20%)

oo
(a) Show that for a sequcnec {a,} C R, Zaka converge almost surely as

k=1
)

n — oo, then Zai < 0.

k=1
oo

(b) Give an example to show that Za% < oo is not sufficient. (Hint: use
k=1
an = La and X; with E[|X1|§] = 400)
n

. Suppose that {Z,} denotes the n coin tossing results for a fair coin. Show that

VA c
there is a constant c, independent of n and t so that P{rl?a,x ZE > t} < vy (10%)
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