HELHERE Analysis

Friday, September 17, 2004

1. [10%] Let f be a real-valued function defined on a set £ of R®. Then f is called a
Lebesgue measurable function-on E, or simply a measurable function, if for every finite q,
the set {x € E : f(z) > a} is a measurable subset of R*. Prove that f is measurable if

and only if for every open set G in R', the inverse image f~!(G) is a measurable subset
of R™.

2. [10%)] Suppose that {fi} is a sequence of measurable functions which converges almost
everywhere in a set E of finite measure to a finite limit f. Given ¢, > 0, show that there
is a closed subset F' of E and an integer K such that |E ~ F| < nand |f(z) — fi(z)] <e
forre Fand k> K.

3. [10%] Let f and fi, K = 1,2,..., be measurable and finite a.e. in E. Prove that if
fe —= f ae on E and |E| < oo, then {fc} converges in measure on E to f, i.e. for every
€>0,limg,o [{z € E: |f(z) = fu(z)] > e} =0.

4. [10%] If p > 0 and [, |f — fil? = 0 as k — oo, show that {f;} converges in measure
on F to f.

5. [10%] Let {fx} be a sequence of nonnegative measurable functions defined on E. If
fe = fand fi < f ae on E, show that [, fr — [, f as k — co.

6. [10%] Let L <p< oo, fe LP( ") and g € Ll(R"). Prove that f x g € LP(R"™), and
1 % alle < £ llpllglls, where (f * g)(z) = [za F(D)g(z = t)dt.

7. [10%] For f € L(Rl) define the Fourier transform fof fby f(z = [ flt)e "=t dt.
Show that if f and g belong to L(R'), then (f * g)(z) = f(:z:)g(:z)

. [10%] Let ¢(z), = 6 R", be a bounded measurable function such that é(z) = 0 for
]xl >1land [¢ = 1. Fore >0, let ¢.(z) = e ™p(z/e). If f € L(R"), show that
lim,o(f * ¢.)(z) = ( ) a.e. in R™.

9. [10%)] If f € L?(0,2~), show that

reT 27
lim f(z)coskzrdzr = lim f(z)sinkzdz = 0.
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10. [10%] A sequence {fk} in L? is said to converge weakly to a function f in LP if
[ feg = [ fg for all g € P, where p’ satisfies that L st L = 1. Prove that if f, — f in
L? norm, 1 < p < oo, then { fk} converges weakly to f in LP



