Qualified Examination: Functional Analysis
Feb 21.2003

Do dl problems. (E: easy. M: moderare. D:difficult).
1. (15) (M) Provethat the space L'(R) is not reflexive.

2. (20) (E) Consider the operator A defined by
A= [ KOu)Ty)dy (%)

from L'(R") into L°(R"). Where1 + 1 =1 ,1<p<w
pr

(a) Provethat if K(x,y) € L°(R"x R"), then A is a bounded operator.

(b) Let X, Y be bounded closed setsin R". Denote by x the Lebesgue measure. Prove
that if K(x, y) iscontinuous on X x Y, then the operator A defined by (*) isa
compact operator from L'(Y, z)intoLP(X, u)

3. (15) (M) Let Y beafinite dimensional linear subspace of anormed space X. Show that Y
must be closed.

4. (20) (E) Let X be a normed linear spaceand let X* be its dua with the norm
[IX*]|1=sup{]f(x)] :fe X* xe X ||x]| £ 1}.X).

(a) Prove that X* isaBanach space.
(b) Provethat for eachx € X, themappingf - f(X) isabounded linear functional on
X* with norm |x||.

o

(15) (E) Let H be aseparable Hilbert space, and let {€,} /., be an orthonormal basis of

H.T:H - Hisabounded operator with Z:leITen |P’< oo Provethat T isacompact
operator.

6. (15) (D) Use the Fourier transform method to show that if r = {x, y, Z}, then the equation
Uy + Uy, +U, =-q(XY,2),

where q is a continuous, positive function on R® , has the formal solution
1
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