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AM 9:00—12:00
Functional Analysis Qualified Examination (Fall, 2002)

1. (@ SupposeM isaclosed subspace of anormed linear space X such that
dim X/M <. Provethat M + N is closed for every subspace N.
(b) Give an example of two closed subspaces M and N of anormed linear
space X such that M + N is not closed.

2. Let X be compact and suppose that Sis a Banach subspace of C(X). If E
Isaclosed subset of X such that for every g in C(E) thereisan fin Swith
fle = g, show that there is a constant ¢ > 0 such that for each g in C(E), there
isanf inSwith fle=gand max{|f(X)|:x € X}<cmax{|g(X)|: x €E}.

3. Suppose X isan infinite-dimensional normed linear spaceand S= {x € X:
IIX||=1}. Show that
(a) theweak closureof Sis{x e X:|x|< 1};
(b) {xeX: ||x||< 1} isnot compact.

4. Show that
(@ InLP{0,1},1< p< oo, every xwith ||x || = 1 is an extreme point of the
unit sphere S= {x: [|x|| < 1}.
(b) InL*[0,1] the extreme points of the unit sphere are those x such that
|x(t)] =1 ae.
(c) The unit spherein L* [0, 1] has no extreme points.
(d) L*[0,1] is not the dual of any normed linear space.

5. Let (X, Q, u)bea(r-finite measure spaceand for ¢ e L™ (u)let

M, L*(u) - L*(u)
be the multiplication operator defined as

M, (F)() = gt) f(t) for f e L%(u).

(a) Give necessary and sufficient conditionson (X, Q, x)and ¢ for M,

to be
compact.
(b) Find o (M,) (thespecturmof M)).



