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. (15pts) For f: [0,1] = R, let E C {z|f'(z)exists}. f m(E) = 0, show that m(f(E)) =0

. (15 pts) Let (X, 1) be a measure space, {f,}52,{g,}°2, are two sequences of measurable func-
tions on X. Assume that g, converges in measure to some g, and that for any fixed ¢ > 0,

lim,,o0 ({2 € X || fu(x) — gn(z)| > €}) = 0. Show that f,, converges in measure to g.

. (15 pts) Suppose f,, is a sequence of measurable functions on [0, 1] with || f,,|| .2(0,1) < M for all
n € N and for some M > 0 and f,, — 0 a.e. on [0, 1]. Prove that || f,,|| 10,1y — 0 as n — oo.

. (15 pts) Prove the following generalization of Holder’s inequality. If Zle Upi=1/r,pi,r > 1,
then

Ly fellor < fllzes - Nl fell o

. (20 pts) Let f € L([0,00)) and a > 0. Show that

/ / sin(ax) e Ydydxr = /0 aéfiy)yz dy.

. (20 pts, 2014) Let ¢(z) > 0 be a bounded measurable function in R". ¢(x) = 0 for |z| > 1 and
[ ¢dx = 1. fore > 0, let p.(x) = e "¢(x/e).

(@) If f € L'(R™), show that lim._,o(f * ¢.)(z) = f(z) a.e..
(b) If f € LP(R"), 1 < p < oo, show that ||(f * ¢.)(x) — f(x)|, = 0ase — 0.

Recall that (f * g)(z) = [o. f( )g(y)dy.



