GENERAL ANALYSIS

(E: Easy, M:Moderate, D: Difficult) PhD Qualify Exam October 12, 2018

1.

(M, 20 points, 2013, 3) Let (X, M, 1) be a measure space. Assume that f € L™ (X) for some
0 < r < co. Show that

i 1, = 1o

(E, 15 points, 2017, 3) Let g and g be integrable functions, gn — g a.e., and |fn] < Gn;
fn— fae If .

/ gdz = lim [ gndz
then

/fdm= lim /fndm.

(E, 10 points) Let E be a subset of R with measure zero. Show that the set {z* : z € E} also
has measure zero.

(E, 15 points) Suppose that f, {fs} € L? and that fx — f ae., 1 < p < oo. Show that
1 fe = £ll, = O3 1 fill, = 1f1l,-

(E, 15 points) Let fi and f be (Lebesgue) measurable on a measurable set E C R", |E| < oo.

then - Jf- 1]
. ! k—
fo — f in measure iff /E T+ 1= ]

(M, 15 points, 2015, 3) Let 1 < p < o0, f € LP(R") and g € L* (R"). Prove that f*xg €
LP (R™), and

dr — 0 as k — oo.

£ *gll, < LAl gl
where (f * 9) (%) = [gn f (t) g (z —t)dt.

(E, 10 points) Suppose /i is a positive measure on X and f : X — (0, c0) satisfies ]X fdu =1.
Prove, for every E C X with 0 < p (E) < oo, that

[ tog ) dis < (B 10g g
JE - p(E)

and, when 0 < p < 1,
/ fPdu < p(B)".
JE



