Ph.D. QUALIFYING EXAM, GENERAL ANALYSIS

(E: easy; M: moderate; D: difficult)

. (E. 2017, #86. 15 points) Let E C R™ be a measurable set with |E| < oo.

Define
1 B
N = (g L)
Prove that Np[f] < Ny[f] for any p < g.

. (E. 2018, #5. 15 points) Prove the following statement: Suppose fi, f
are Lebesgue measurable on E C R", |E| < 0o. Then

|fi = Sl
1+ [fx — fl
. (M. 2016, #86. 20 points) Let 1 < p < oo and g be an integrable function
defined on [0, 1]. Suppose that there exists M > 0 such that

[, 7l s Mt

fx = f in measure if and only if / — 0 as k — 0.
E

for all bounded measurable functions f. Please prove that {|g||z« < M where
q= 3t

. (D. 4.3 Wheeden&Zygmund. 20 points) Let {fx} be a sequence of measur
-able functions defined on a measurable set E, |E| < co. If | fr(x)] £ Mz < o0
for all k for each z € E, show that given € > 0, there exists a closed F' C E and
a finite M such that |E — F| < ¢ and |fx(2)| < M for all k and z € F.

. (M. 6.5 Folland. 15 points) Suppose 1 < p < ¢ < o0 and p~t+qgl=1
If T isa bounded operator on L? such that

J@ne= [ 1o

for all f,g € LP N L9, then T extends uniquely to a bounded operator on L" for
all 7 € [p, q].

. (E. 4.5 Royden. 15 points) A sequence {f,} of measurable function is
called Cauchy sequence in measure if given € > 0 there is NV such that

m{z | |fa(z) = fm(z)| 2 €} <€

for all m,n > N. Show that {f,} converges in measure if {f,} is a Cauchy
sequence in measure.
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