(2017 Fall) Qualifying Examination
Subject: Mathematical Statistics

1(E, 15%). Let Z be a standard normal random variable and U be a chi-square random variable
with n degree of freedom. Suppose that Z and U are independent. Please find the probability
density function of Z/\/U /n.

2(E, 15%). Let z1, ..., 2, be independently sampled from the Poisson distribution with param-
eter \. (1) Find the asymptotic variance of the maximum likelihood estimate. (2) Find the method
of moments estimate of \.

3(M, 20%). Suppose that u ~ N(2,0%) and that X | u ~ N(u,0?). Derive a formula for the
posterior mean of y, given that n samples z;, ..., z, of X are observed.

4(M, 20%). Let X;, ..., X, be a sample from the standard normal distribution and let 3, ..., Y,
be an independent sample from an N(1,1) distribution. Determine the mean and variance of the
rank sum of {X3,..., X, }.

5(M, 20%). Let X and Y be random variables with E[X] = pu,, E[Y] = p,, Var(X) = o2,
Var(Y) = o2, and Cov(X,Y) = 04y. Consider predicting Y from X as Y = o+ 8X, where a and
B are chosen to minimize the expected squared prediction error E[(Y — Y)?]. Express « and § in

terms of ugz, py, 05, 0y, and ogy,.

6(D, 10%). Let X1, ..., X,, be ii.d. with density function f(z | §), where f is differentiable. Let
T = (X1, ..., X») be an unbiased estimate of . Prove or disprove that Var(T) > [n/(6)]”', where

100) =K [Z1n f(x|6)]".



