PhD Qualify Exam

General Analysis
(E: Easy, M: Moderate, D: Difficult) October 18, 2017

1. (15 pts, M, 2008) Let (X,0,u) be a measure space. Let f be a positive integrable
function on X. Prove that for each € > 0, there exists a § > 0 such that, for any A € 90,

if u(A) <6 then [, fdu <e.

2. (10 pts, E, 2011) Let g be a nonnegative measurable function on [0,1] and [ log(g(t))dt

is defined. Show that . .
can( [ toglai)ar) < [ stwa
0 0

3. (15 pts, E, 2013) Let (X, 9, 1) be a measure space and let {E,} be a sequence in 9N
with E,.1 C E, foa all n. If there exists some j such that w(E;) < oo. Show that
p(Ne, Ey) = limy o0 p(En). Give a counterexample if u(E;) = oo for all j.

4. (15 pts, E, 2014) Let E be a measurable set in R™. f and f; are measurable in E. If
p>0,and [|f — fel? = 0 as k — oo, show that thereis a subsequence fi;, — f a.e. in
E.

5. (15 pts, M) Let E be a measurable set in R™ and 1 < p < oo. Suppose { fx} is a sequence
in LP(F) that converges pointwise a.e. on [ to the function f which belongs to LP(F).

Show that || fx — fllLe@) — 0 as k — oo if and only if || fil|Lr(z) = || fllee) as k& — oo.
6. (15 pts, E) Let E be a Lebesgue measurable set with finite measure. For 1 < p < o0,
define
i 1/p
Nolfl = = P) .
11 = (37 L 177)
Prove that if p; < pa, then N, [f] < Np,[f]-

7. (15 pts, E) Let f € LP(E)NLI(E) with 1 < p < ¢ < 0o where Eis a Lebesgue measurable
set. Prove that || f||l- < [|fI§1Iflla~ for all p < v < g, where =24



