PhD Qualify Exam
General Analysis
March 11, 2015

E: Easy, M: Moderate, D: Difficult

1. [E, 10%](Scpt. 2011) Let f be Lebesgue measurable on [0,1]. Assume that
1
/ [f(z)]"dz = ¢, for all m € N
0
where c is some constant. Show that f = x4 a.c. for some A C [0,1].

2. [M, 20%](Scpt. 2012) Determine whether the following statements are true or
false. If true, prove it; if false, disprove it or give a counterexample.

Lot f and fi, kK = 1,2, - be measurable and finite a.e. in E, where £ C R™ has a
finite measure.
(a) (10%) If fx converges to f in measure, then fi, converges to f pointwise a.c.
(b) (10%) If f, converges to f pointwise a.c., then fi converges to f in measure.

3. [M, 20%)](Fcb. 2006) Suppose f € L*(R). Let F(z) = [ f(t)%82dz.
(a) (10%) Prove that F is differentiable on R and find F'(z).
(b) (10%) Dectermine whether or not F' is absolutely continuous on every compact
subinterval of R.

4. [E, 15%](Scpt. 2004) Let 1 < p < oo, f € LP(R") and g € L'(R™). Prove that
f*ge LP(R™), and
I1f *gll, < I £llllglls
where (f * g)(z) = [g. f(t)g(z — t)dt.

5. [M 25%] Let f € L'Y(R?) and T be the Lebesgue o-algebra. For all A € %, define

= [, |fldz.
( ) (10%) Show that p; is a finite measure on (R?, X).
(b) (15%) Supposc a.sct £ C R? has outer measure |£]. < oo and that for every z € E,
there exists a cube @, containing z such that

pe(Qs) 2 0.25]Q:|, =z € E.
Show that |E|. < 1004:4(R?).

6. [E, 10%] Fix p € (1,00). Find the maximal set A C R such that the following statement
is true.

a€ Aand f € LP([1,00)) = ‘/w%dx’<oo.
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