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1. (100_E, Average) Consider a linear boundary value problem with Dirich-
let boundary conditions:

u'(z) = f(z) for0<z<1
u(0) =«a, u(l)=2g.

We attempt to compute a grid function consisting of values Uy, Uy, .. .,
Upm, Uns1 where U; is our approximation to the solution u(z;). Here
x; = jh and h = 1/(m + 1) is the mesh width, the distance between
grid points. From the boundary conditions we know that Uy = o and
Uni1 = P and so we have m unknown values Uy, ..., U,, to compute.
We solve this problem with a centered difference scheme,

1

E(Uj—l_QUj"i_Uj-i-l):f(l‘j) forj:1,2,...,m.
The problem can be written in the form AU = F where U is the vector
of unknowns U = [Uy, Us, ..., U,|" and
(-2 1 | [ f(z1) —a/h? ]
1 -2 1 f(z2)
1 1 -2 1 f(xs)
A=z ST - F= 3
1 -2 1 f(@m—1)
i 1 _2_ _f(xm>_6/h2_

(1)
(a) (5 %) Compute the local truncation error of this scheme.
(b) (10 %) Find the eigenvalues of A.

(c) (5 %) Show that ||A™!||5 is uniformly bounded as h — 0 and the
numerical scheme is stable in the 2-norm.

(d) (5 %) Show that the numerical scheme is convergent in the 2-
norm.



2. (Difficult)

(a)

(10 %) Determine the Green’s functions for the two-point bound-
ary value problem u”(z) = f(z) on 0 < z < 1 with Dirichlet
conditions at x = 0 and = = 1, i.e, find the function G(z,z)
solving

u'(z) =6(x —z), u(0)=0, u(l)=0

(10 %) Find the general formulas for the elements of the inverse of
the matrix A in Problem 1. Write out A~! for the case h = 0.25.
Note that finding A~! is equivalent to solving linear systems

Av =ej,

where e; is a unit vector with the value 1 as its jth element and
all other elements equal to 0, and the linear system is a discrete
version of the problem

V'(z) = hé(z — ;)

with homogeneous boundary conditions.

(c) (5 %) Show that ||A™!||« is uniformly bounded as h — 0 and the

numerical scheme is stable in the max-norm.

3. (Average)

Consider the heat equation with Dirichlet boundary conditions:

Up = Uy TorO<az<1l,0<t<T,
u(0,t) =0, for0<t<T,
u(l,t)=0, forO<t<T.

We attempt to solve the problem using a finite difference scheme on
a discrete with grid points (x;,t,) where z; = ih, t, = nk. Here
h = 1/(m + 1) is the mesh spacing on the z-axis and k is the time
step. Let U" ~ u(x;,t,) represent the numerical solution at grid point

(ZEZ‘, tn) .
The finite difference is

k
Urtt = U + E(Uin_l =20 +U}",),. fori=1,..., m,

Up =0, UL, =0.



(a) (10 %) Determine the order of accuracy of this method (in both
space and time).

(b) (10 %) Suppose we take k = Ah? for some fixed A > 0 and refine
the grid. Show that this method is stable for 0 < A < 1/2 and
hence convergent.

(c) (5 %) Based on the CFL Condition, a numerical method can be
convergent only if its numerical domain of dependence contains
the true domain of dependence of the PDE, at least in the limit
as k and h go to zero.

What is the domain of dependence of the heat equation? Does
this explicit scheme satisfy the CFL condition?

4. (97 L, Average) (15 %) Prove that if a nonsingular matrix A has an
LU-factorization in which L is a lower triangular matrix with unit
diagonals, i.e., L(i,7) = 1 for all i , then the LU-factorization is unique.

5. (Fasy) Let A € C™*™ be full rank. Verify the following statements.

(a) (5 %) If m > n, then X = (AFA)~1AH gives a Moore-Penrose
pseudo-inverse of matrix A.

(b) (5 %) If m < n, then X = A7(AAT)~! gives a Moore-Penrose
pseudo-inverse of matrix A.



Reference
The following are some definitions related to the above questions.

1. Matrix norms

o ||Allo = max Z\aml
o [|All; = lglgglz Jaisl-

e ||A||l2 = v/p(AT A), where p(B) denotes the spectral radius of the
matrix B (the maximum modulus of an eigenvalue).

2. Grid-functions norms For a grid function e = (eq, - - - , ex) on a uniform
grid with spacing h,

e |le]]oo —Ong(v\ell

o |lefli = hz €3]
=0
N 1/2
o [le][z = <h2|€z‘|2> :
=0

3. The Moore-Penrose pseudo-inverse is a matrix X of the same dimen-
sions as AY satisfying four conditions:

(i) AXA = A, (i) XAX = X, (iii) (AX)7 = AX, (iv) (XA) = X A.



