PhD Qualify Exam, PDE, Mar. 04, 2011

Show all works

E: easy, M: moderate, D: difficult

1.(M) Find the solution for the problem [15%)]
Ut — Ugy = 07
u(z,0) =0, x>0,1t>0, (1)
u(0,t) = h(t),

where h(0) = 0.

U = Uy, T E€ R, >0,

u(z,0) = f(z), = € R.

And prove that u satisfies the following inequality, for 1 < ¢ < p < oo and t > 0, [15%)]

2.(M) Use the Fourier transform method to solve the initial value problem

111
luC 6)llory < (4mt) 727 L aay.

3.(M) Let A € R, a > 0, and u be a smooth function defined on a neighborhood of D = {(z,y) €
Au+lu=0, inz?>+y®<l,
Ou/On = —au, on 2% +y* =1,
vector to OD. Prove that if v is not identically zero in 22 + 3? < 1, then A > 0. [15%)]

R%*|2? + y? < 1} such that where n is the unit outward normal

h
4.(E) Let D = {x € R*|z > 0} and x¢ = (70,0, 20) € D. Let u(xq) = ﬁ// L)Bds. Show
21 J Jop X — %ol
that u(xo, Yo, 20) — h(xo,y0) as zop — 0. [15%)]

5.(E) Let F' : R" x R x R" be a smooth function of (p,z,x). Assume that u is a smooth solution
to F(Du,u,z) = 0 and z(s) is a smooth curve. Prove that if p(s) = Du(z(s)), z(s) = wu(z(s)), and

F oF OF
"(s) = —— th (s) = — = 15%
JIZ(S) apz ’ en pz(‘s) al’z 82 p [ O]
1
6.(E) By using the method of characteristics, find an explicit local solution to u; + 5 ((ux)2 + :L‘2) =0
if t > 0, z € R, with initial condition u(x,0) = z?/2. [15%]
. . . . . . 9 c1, x <0.
7.(D) Solve the wave equation for infinite vibrating string uy = ¢ (x)u,,, where c(z) = -0
Co, T .
Let a wave u(z,t) = f(x — ¢qt) come in from the left, see the figure below. Thus the initial conditions are
u(z,0) = f(z) and w(x,0) = —cq f'(z). Assume that u(z,t) and u,(x,t) are continuous everywhere. Also
give an interpretation for the solution you find. [10%)]
f(X/\ 5 t=0 .
X;O

Figure 1:



