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(1) Solve the differential equation

d
(a) (10 points) % + 22y = 2z

(b) (10 points) (3z% — 2zy + 2)dz + (6y° — 22 + 3)dy = 0.
(2) Consider the following differential equation

" —ty' = 0. (1)

(a) (5 points) Verify that y = 0 is a solution of (1).
(b) (10 points) Find a non-trivial solution of (1) satisfying y(0) = ¢'(0) = 0.
(c) (5 points) Do results in (a) and (b) violate the Uniqueness theorem?

(3) (10 points) Two functions f and g are said to be linearly independent on an interval o <
z < [ if the equation k; f(z) + k2g(z) = 0 holds for all z in the interval only if k; = ky = 0.
Assume that f and g are differentiable functions and

f(o) 9(20))
= det
W(f, g)(xo) € (fl(x()) ¢'(z0) #0
for some zp in @ < z < . Show that f and g are linearly independent on this interval.

(4) Let the functions p and ¢ be continuous on the open interval a < z < 3, and let y; and y,
be two linearly independent solutions of the differential equation

Lly) = y" + p(z)y’ + q(z)y = 0, (2)
satisfying the condition W (y;,y2)(z) # 0 at every point in @ < z < . Note that this

implies that for any z; in the interval and for any vector V = ccl , there is a unique vector

_f{a o _ yl(xo) yz(wo)
U= (b) satisfying that V = (yi (zo) h(zo) U.

(a)(10 points) Use the Uniqueness theorem to prove that any solution of the equation (2)
on the interval o < z < 8 can be expressed uniquely as a linear combination of y; and y,.

(b)(10 points) Suppose that v is a (nonconstant) function satisfying 1, = v(z)y;. Find a

second order differential equation satisfied by v.

d? d .
(¢)(10 points) Solve the differential equation (z — l)d—jzl - x?ﬁ +y =0, for £ > 1, by using
the fact that y;(z) = e* is a solution of the differential equation.

(5) (10 points) Let X = £teM + ne*, where £ # 0 and 7 # 0 are constant vectors in R* and
A € C is a scalar, find conditions on &, 7, and X such that X satisfies the system of the

. dX . . .
equations = = AX, where A is a nonzero n X n matrix of constant entries.

(6) (10 points) Find the general solution of the system of equations
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iz~ \-1 4}




