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1. [10%)] Find the extreme points (z,y, z) of the function f(z,y,2) = 2 +y + z subject to the conditions
2+y*=2andz+ 2z =1.

2. [8%)] Evaluate the definite integral:
/ / e dz dy
A
where A is the triangle on the zy-plane with vertices (0,0), (1,0) and (1,1).

3. Let ffR" > R bea function such that the closure of the set {z | f(z) # 0} is compact. Define
O(f, o) = inf{sup{|f(z1) — f(z2)| | 1,22 € U} | U is a neighborhood, of z, }
where zg is a point in R” and “inf” is taken over all neighborhoods U of z,.
(i) [4%] Define g: R — R by g(z) = sin ! for z # 0 and ¢(0) = 0. Find O(g,0).
(ii) [4%] Show that if f is continuous at z, then O(f, zy) = 0.

(iii) [8%] Define D, = {z € R" | O(f,z) > €} for e > 0. Show that D, is a compact set in R™.
4. [10%)] Define ri(z) = k—!ﬁx"(l — )" *. Show that p_; rx(2z) = 1 and ¥F_; kry(z) = nz.

5. [10%] A function f:[a,b] — R is said to be integrable if for any € > 0, there is a partition P of [a, b]
such that U(f, P) — L(f, P) < € where U(f, P) denotes the upper sum and L(f, P) denotes the lower sum

for P. Show that if f is continuous on [a,b], then f is integrable. (Note: You are not allowed to apply
Lebesgue’s theorem.)

6. Define f,(z) = L=, %‘: for z € R.
(i) [6%] Show that lim,,_,o, f,(z) exists for every z € R i.e., fn(z) converges at every z € R.

(ii) [6%] Let exp(z) = limyo0 fu(z) for £ € R. Show that the convergence f,(z) — exp(z) is uniformly
on the open interval (=r,r) for any r > 0. Does f,(z) converge to exp(z) uniformly on (=00, 00)?
Why or why not?

(iii) [8%] Show that - exp(z) = exp(z).

7. Amap f:R" = R™ is said to be differentiable at a point 7y € R™ if there is a linear map Df(zy): R"* —

R™ such that
i 1@ = J(w0) = Df(eo)(z ~ zo)l| _
Tz llz — ol

(i) [4%] Suppose that g:R — R is given by g(z) = 2°. Find Dg(2).

0.

(ii) [4%] Suppose that || f(z)|| < M||z||® for all z € R™ where M is a constant. Show that f is differen-
tiable at zo = 0 and D f(0) = 0.

(iii) [6%)] Suppose that both f, g are differentiable at zo. Show that f + g is differentiable at zo and
D(f + g)(z0) = D f(z0) + Dg(zq).

8. A brief explanation is required for this problem.

(i) [4%] Give an example of a continuous function f and a closed set A in the domain of f such that
f(A) is not closed.

(ii) [4%] Give an example of a real-valued differentiable function f which is uniformly continuous on its
domain but its derivative is unbounded.

(ii) [4%)] Give an example of non-empty closed sets I, in R for k = 1,2, 3, ... such that I, O IL,>I;D---
and N, I = 0.




