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Please work out all six problems.

1.{20%) Let y; and y» be two solutions of the second order differential equation 3" + p{xly’ +
g(z)y = 0 on an open interval I, where p(z) and ¢(z) are continuous in J. Show that

{a) if 3 and g are linear dependent, then the Wronskian of ¢ and g2 Wi, 1) =00n I
(b} if ¥; and y» are linear independent, then the Wronskian Wy, 12) # [ at each point of
I.

2.(20%} Show that the initial value problem

v"(z) = —y¥(x)
y(0) = 1
¥(0) =

admits a unique solution defined for every z € R. Also, show that u-ur:h. a solution is a
periodic function,

3.(20%) Let a(f) be a real-valued continuous function on [0, co) with
= =]
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Prove that the solution to the following initial value problem

{ ¥'(t) + y(t) = a(t)y(t)
y(0)=1, y(0)=0

ie bounded on [0, o0).
4.{20%) Solve the differential equation
v=ay+ @) or y=ap+p’

wherr' p =y by differentiating the equation with respect to . You need to find the general
solution and all singular solutions.

5.(10%) Let =(t), y(*) be the solution of

T =y+z?
V=x+y

with the given initial condition (z{ty), ¥(ts)). Assume that x(to} # y(fs). Then show that
x(t} is never equal to y(t) for all £, _

6.(10%) Show that all solutions =(t), y(1) of

{a:’=y{a”-1j
Y =x+e?

which start in the right half plane (x > 0) must remain there for all time.
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