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(1} Suppose f(z) : Il’E2 — R is an even function vanishing outside a disk of radius
r centered at 0 = (0,0), that is, f(z) = f{—z) and f{z) is non-zero only for %
in a r-disk. If Z? = {{z1, 22)|21, 22 € Z} is a two-dimensional lattice, and define

g(k) = 3 eB f(2), k = (ki k2) € R,

zeZ?
where < k, z > is the usual inner product.

(i) Show that g(k) is also an even function. 10%
(ii) Compute Vg(0). | 10%
(iti) Show that 10%
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o) = T 1)+ [l -02 serya
(Hint: integration by parts)
(iv) Prove the following estimation: _ 10%

l9(k) - 9(0)] < sup > R a(th)kik;
@ 0stsl i =1

(2) Let d stand for a positive integer thmughuﬁﬁ the rest of this exam sheet.

(i) if ¥ @y, is a series with positive terms, state and prove the Ratio Test for 10%
the convergence of T ay,.

(it) Suppose an = (1 + :},E}"*E{JEE}“'E(EH— 1)%. For what values of d does the 109
infinite series Ez n cOnverge?
n=

(iii) Now let b, = (1 + ;%E]“_z{:};}“‘lfﬁn ~ 1)®. Show that there exists a 1%
constant Ky such that Eﬂ by, -:_-". JKod~! for all sufficiently large d. In other
n=

o
words, gshn = O{d™1).

(3) Let D{k) = Zﬁ{lﬂkj, where k = (ki, ko, ..., kg) with k; € [—n, 7] for all
3—-—1
i=12,...,d Define k? = z k3.
j=1

(i) Write down the Taylor series with remainder for cosz around z = 0 and 10%
show that this Taylor series converges for all z € R.

(ii) Explain how the Mean Value Theorem is a special case of Taylor's Theorem. 10%
(iii) Notice that the Taylor series of cosz is an alternating series. Show that  10%

2k? i2
— — @ —
dil D(k) 5q

}J#Jf}“




