
Pert 1. 
Advanced Calculus 

1. Suppose that lim.1'----4 co .c· /(.1') =	 L Prow that lilllr __ co/(.r)::.o O. (10 ])Oilll.--;) 

')	 Ddine a function f by 

.r . :-iin (1/J.'), .I' i= o./(.1'; = ' 
{ O. .r = U. 

Pww or disprove that f i:-; unif()nlll~- coniillllOll:-i Oll JR. ( 10 poi 11 t:-i ) 

I j'l :r . :-iin(lj.r) dJ'1 S; ( r .1'2 . :-ii1l 2 ( ll-c) d.c) I 2 

o	 ./0 
(IIilll:(L(Lk bd 2 S; La~Lb£.)	 (10 points) 

1. Let I [)(' a smooth function 011 (-1.1) Hml fer) = L~{)(J/I.r" for.1' r I, -1.1). 1.(-1 

{J,"} be a sequence with :.f," i= UfoI' allm E N. A:-iSUllle (hal {J',n} COllH'r;.';<':-; to liTO 

,,-itlt I(.r· m ) = O. Show that I = 0 on (-1.1). (10 points) 

G. For:r E IH.3 .let p(T) be a charge densit:v tlUlt i:-i cOlltillUOIl:-i HilI! :-;uc11 (Iud /)(.1'1 -cc () 

I'm 11.1'112 > 1. Show that the electrostatic potentiaL givell by 

cp(.f) = ~ fJe r p(y)/II:r - Yl12 dy.
41f ./f9;3 

i:-i a uJll\'ergent integral for each .1'	 E ]R3. (10 point:-i) 
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Linear Algebra (2008) Part II. 
Please answer all questions and show all your works (50 points) 

We use the following notations: 
JR : the set of all real numbers, 
C : the set of complex numbers,
 
AT : the transpose matrix of the n x n matrix A,
 
In : the n x n identity matrix,
 
detA : the determinant of the n x n matrix A.
 

1. (15 points) An n x n matrix A with entries in IR is said to be an orthogonal matrix if AAT = In. 

(a)	 (3 points) Assume that A is an n x n orthogonal matrix with entries in R Prove that 
detA = 1 or detA = -1. 

(b) (4 points) Assume that A is a 2 x 2 orthogonal matrix with entries in R Prove that there 
is an orthogonal 2 x 2 matrix U such that 

1UTAU= (0 0) or UTAU= (c?sa ~-sina) forsomeaE [0,2n]. 
- 1	 sma cosa 

(c) (8 points) Assume that A is a 3 x 3 orthogonal matrix with entries in JR such that detA = 1. 
Prove that there is an orthogonal 3 x 3 matrix U such that 

UTAU= (~~l ~) or UTAU= (~ c?~a -s~na) forsomeaE[O,2n]. 
o 0 - 1	 0 sm ex cos ex 

2. (15 points) Let A be an n x n matrix with entries in JR and let X(x) be the characteristic poly­
nomial of A. Assume that there is a A E JR such that X (?) = 0. 

(a) (5 points) Prove that there is a nonzero n X 1 matrix with entries in JR such that Av = Av. 

(b) (10 points) Assume that x(x) = (x- A)zf(x) for some polynomial f(x) with coefficient 
in JR . Prove that either the dimension of the kernel of A - AI is greater 2 or there are two 
nonzero n x 1 matrices VI and Vz with entries in JR such thatAvi = AVj andAvz = AVz +Vj. 

3. (10 points) Let V be the set of all 2 x 2 matrices with entries in C. Let f denote the linear 

transformation from V to V defined by f(A) = (~ ~) A -A (~ ~) for all A E V. Find a 

Jordan canonical form of f and an ordered basis for V so that the matrix associated to f with 
respect to the ordered basis is the Jordan canonical form. 

4. (10 points) Let {eI, ez, e3} be a basis for the a 3-dimensional vector space V over R Let g be 
a linear transformation from V to V defined by g(E1=I ajej) = (-5az +a3)eI +azez + (2aI + 
2az)e3 for all aI, az, a3 ERA subspace W of V is said to be an invariant subspace of g if 
g(W) ~ W. 

(a) (2 points) Find the matrix representation of g with respect to the basis {e I, ez, e3}. 

(b)	 (5 points) Find all invariant subspaces of g. 

(c)	 (3 points) For each invariant subspace W, find a basis for the quotient vector space V !W . 
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