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Pert 1.
Advanced Calculus

1. Suppose that lim, o @ - flo) = L. Prove that lim, .o f(2) = 0. (10 points)

2. Define a function f by

. resin(l/e). x# 0,
U, xr =0
Prove or disprove that f is uniformly continnous on K. (10 points)

3. Prove that ‘
0
(i (O apbe)> < S"ai S- b)) (10 points)

1. Let f be a smooth function on (=1.1) and f(r) = > a0 fov ¢ (1.1, Lot
{4, } be a sequence with x,, # 0 for all m € N. Assunte that {z,,} couverges to zero
with f(x,,) = 0. Show that [ =0on (=1.1). (10 points)

11
|/ a-sin(1/ryde) < (/ 2 osin? (L) dayte
0 :

5. For o € R3. let p(x) be a charge density that is continuous and such that plart =0
for ||rll, > 1. Show that the electrostatic potential, given by

o(r) = i///w p(y)/lle =yl dy.

is o couvergent integral for each x € R*. (10 points)
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Part 11. Linear Algebra (2008)
Please answer all questions and show all your works (50 points)

We use the following notations:
R : the set of all real numbers,
C : the set of complex numbers,
AT : the transpose matrix of the n x n matrix A,
I, : the n x n identity matrix,
detA : the determinant of the n x n matrix A.
1. (15 points) An n X n matrix A with entries in R is said to be an orthogonal matrix if AAT = L.

(a) (3 points) Assume that A is an #n x n orthogonal matrix with entries in R. Prove that
detA =1 ordetA = —1.

(b) (4 points) Assume that 4 is a 2 x 2 orthogonal matrix with entries in R. Prove that there
is an orthogonal 2 x 2 matrix U such that

vtav=(1 0 o yTay= (0% —sinc for some « € [0, 27].
0 —1 sSin@  cos @

(c) (8 points) Assume that A is a 3 x 3 orthogonal matrix with entries in R such that detA = 1.
Prove that there is an orthogonal 3 x 3 matrix U such that

1 0 0 1 0 0
Utau=[0 -1 0| or UTAU=]0 cosa —sina | forsome a € [0,27].
0 0 -1 0 sinad cosux

2. (15 points) Let A be an n x n matrix with entries in R and let y (x) be the characteristic poly-
nomial of A. Assume that there is a A € R such that y(2) = 0.

(a) (5 points) Prove that there is a nonzero n x 1 matrix with entries in R such that Av = Av.

(b) (10 points) Assume that x (x) = (x — A)%f(x) for some polynomial f(x) with coefficient
in R . Prove that either the dimension of the kernel of A — A1 is greater 2 or there are two
nonzero n x 1 matrices v, and v, with entries in R such that Avy = Av; and Av, = Avy +v).

3. (10 points) Let V be the set of all 2 x 2 matrices with entries in C. Let f denote the linear
transformation from V to V defined by f(A) = (g (1)) A-A (8 (1)) forall A € V. Find a

Jordan canonical form of f and an ordered basis for V so that the matrix associated to f with
respect to the ordered basis 1s the Jordan canonical form.

4. (10 points) Let {e},e3,e3} be a basis for the a 3-dimensional vector space V over R. Let g be
a linear transformation from V to V defined by g(¥'3_, aje;) = (—5az +a3)e; + azez + (2a1 +
2ay)es for all aj,a3,a3 € R. A subspace W of V is said to be an invariant subspace of g if

gW)Cw.

(a) (2 points) Find the matrix representation of g with respect to the basis {e;,ez,e3}.

(b) (5 points) Find all invariant subspaces of g.

(c) (3 points) For each invariant subspace W, find a basis for the quotient vector space V /W.
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