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Show all works!
Part L.
1. Let T : Py(R) — P3(R), where P,(R) consists of all polynomials over real numbers R having degree
less than or cqual to n; T(f(x)) = zf(z) + f'(x), where f'(z) denotes the derivative of f(x). Find
bases for N(T') (the null space of T) and R(T) (the range of T). (10%)
2. Let V = R, and define fi, f2, fs € V* (the dual space of V) as follows: fi(x,y,2z) = = — 2y,
e,y 2) =a+y+ 2, [i(x,y,2) =y — 32. Prove that {fy, f2, [r} is a basis for V*, and then find
a basis for V for which it is the dual. (10%)
3. T: R* > R* defined by
T((l] ,(12,(!3) = ((l] + 2(12 + az, —ay + as + 203,(1] + (1.3).
Show that T is invertible and compute the inverse of T'. (10%)
4. Let W = {(z,y, z)l T + 3y — 22 = 0} be a subspace of the inner product space V = R?
and y = (3,2,1). Find the orthogonal projection of y on W. (10%)
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5 Let A= 00 10
00 0 2
Find a Jordan canonical form J and an invertible matrix Q such that J = Q7' AQ. (10%)
Part II.
6. Prove or disprove the following statements: (24%)
(i) If a function f'his uniformly continuous on (a, b), then it is differentiable on (a, b);
(1) If cach f, is continuous on (a,b) and f,, — f uniformly, then f is continuous on (a, b);
o0 oo
(iii) If the real series Z an, converges absolutely, then Z a’ converges;
n=| n=1
b
(iv) If f is continnous on [a, b] and / fa = 0 for cvery integrable function g on [a, b], then f(z) =0
for all z € [a,b); .
3 3
2V it (a,y) £ (0,0) )
(v) The function f(x,y) = % + y? is differentiable on R*;
0, if (z,y)=(0,0)
. . 2 - . af of
(vi) If V is a nonempty, open set in R® and f : V — R is differentiable on V such that = o0 = 0
r  dy
on V then f is constant on V.
7. Suppose {zn} and {yn} are real sequences. Prove that if lim z, exists, then (6%)

n—oo

lim sup(zn + yn) = lim z, + lim supya.
n-—o0 n—oo n—oo
8. Suppose f is differentiable on [@ — h,a + h] (h > 0). Prove that there exists 6 € (0,1) such that (6%)
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9. Prove that for all = € [0,1] v (7%)
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10 Find // e dA where E is the region bounded by the linessz +y =1L, r4+y=2, a2 =y, 2 =0. (7%)
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