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1. Let A = 0000310 0 be a 8 x 8 matrix.
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(i) Find the characteristic polynomial and minimal polynomial of matrix A. (7%)

(i1) Let B be a 8 x 8 matrix. Suppose that A and B have the same
characteristic polynomial and minimal polynomial. Find all possible

Jordan normal forms of B. (3%)
2. Let T: R® — R® with T(z,y,2) = (y,2,2). Find all subspaces W with T(W)YCw. (10%)

3. Let V be a vector space over a field k, and let T: V — V be a linear transformation.
Let vi,...,vm be eigenvectors of T, with eigenvalues Ay, ... , Am respectively. Assume
- that A; # X; if ¢ # j. Show that v;,..., v, are linearly independent,. (10%)

4. (i) Let V be a vector space over R with an inner product { , ). Let W be a finite
dimensional vector subspace with orthonormal basis {w1,...,wi}. Let v € V and
d = inf{[lv — w| € Rlw € W}. Show that d = ||v — (v, w;)w; — -+ — (v, wihwill. "%)

(i) Let I:R? — R with
I{a,b) = /2 |sing — (az + b)|2dx.
0
Find (o, f) € R? such that I(a, 8) < I(a,b) for all (a,b) € R2. (6%)

o0
5. Let {an}:ll be a sequence of positive numbers such that Z an diverges. Show that

n=1
> a
. "N .
i Z diverges; (¢%
O 2 5. ges; )
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i Z —————— converges; (:%
(i) 14+ n2a, Besi )
n=1
= a
(iii) Z n " sometimes converges and sometimes diverges. (- 0%)
nan
n=]

6. Suppose f : R — R is differentiable at some point p in R. Put ft : R — [0,00) :
fH(z) = max{f(z),0}. Show that the function ¢ : R — R : g(z) = (f+(a:))2 is
differentiable at p with ¢'(p) = 2f " (p)f'(p). (15%)

7. Suppose f : [a,b] — R is continuous. Is the function g:la,b] = R:g(z) = sup f(t)
ast<z
continuous? ("%)

8. Suppose f : [0,1] — R is continuous and satisfies

/1f(T)7‘"dT =0, VneNu{0}.
0

Find the range of f. (8%)




