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Advanced Calculus

October 19, 2023

1. (15 points) Let f : [0, 1] — R be a function defined by

1
— when:r:é@anda:ziforsomeq,keN,
fa)=4 * #

0 otherwise.

Prove that f is continuous at every irrational point.
2. (a). (10 points) Determined whether the following series is convergent or not:
o0
Z 5~n+(—1)"‘
nm=]

(b). (10 points) Prove that the power series Y o0, ana™ converges on (—R, R) when ), R™a3
converpes.

3. (15 points) Let X C IR? be an open setand f © X » R he a continuons function with f(z) 7 0 for
all z € X. Prove that cither f(z) > 0 forallz € X, f(z) < 0 forallz € X or X is disconnected'.

4. (20 points) Let { gy }nen be a sequence of positive, Riemann integrable functions defined on [0,1] and
gn(z) < 1forall z € [0,1], n € N. Prove that the sequence

{fn«v) = /O mgn<s>ds}

has a subsequence which is uniformly convergent on [0, 1].

neN

5. (15 points) Let f : [0,1] — R be a Riemann integrable function. Prove that f3 is also Riemann
integrable.

G. (15 points) Let S := {(z,y,2) € R}z =7 a* y? z > 3}, i be the outer normal of S and
V= (2%, —3ay, *y®)
be a vector field defined on R?. Find

/ curl(V) - fids.
S

'A set X is disconnected iff there exist two disjoint nonempty open sets A, B cover X and AN X # 0, BN X # 0.



—

B sh k% 113 S5 & AL ) WMANPEAR
MR

e Show all your work and justify all your answers.
o R denotes the field of real numbers, and n denotes a positive integer.

. (12 points) Let A beann X n real matrix whose (7, 7) entry is

Aij:{j’ if i < j,

0, otherwise,
where i,j = 1,...,n. Find the inverse of A.
. (12 points) Let V = {(z,y) |2,y € R}. For (z1,y1), (z2,92) €V and a € R, define
(z1,31) + (22, 92) = (21 + 2,5192) and  a(@,y1) = (aw1,y1)-
Is V a vector space over R with these operations?

. (15 points) Let 7': R* — R? be the function defined by
T('Tayaz) = (27’. - ya33/ - 227T+y_ Z)
for (z,y,2) € R®. Prove that T"is a linear transformation. Is 7' one-to-one?

. (15 points) Let V' = {(x1, %2, %3, 74) € R*|2zy — 2o + 373 — T4 = 0}. Find a basis 3 for
V such that (2,1,—1,0) € S.

. (15 points) Let V' be the real vector space of all n x n real matrices, and let A € V.
Suppose that W is the subspace of V spanned by the set {A*|1 is a non-negative integer},
where A° is defined to be the n x n identity matrix. Prove that dim(W) < n.

. (15 points) Let V be a finite-dimensional complex inner product space, and let T be a
positive definite linear operator on V. Prove that T' = S*S for some invertible linear
operator S on V. Here S* denotes the adjoint of S.

. (16 points) Find the Jordan canonical form of the real matrix

O = =
O = O Ww
O = =N
N O =



