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Linear Algebra

In the following, F™*™ denotes the class of all m X n matrices with en-
tries in the field F, where F = R or C. Vectors in F™ will be regarded as
column vectors. We say a matrix A € R™*" is symmetry if AT = A, a matrix
A € C™*n is Hermitian if A* = A' = A. A matrix A € R™" is positive
definite if z7 Az > Q for all nonzero z € R™.
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sion of U. (20 points)

] and U = {X € R¥? : AX = XA}, find the dimen-

cosf —sind
sind cosf ]’ 6 € [0, 2n].

o _ |cos(n@) —sin(nd) .
a. Show that A" = [Sin(m‘)) cos(nf) for all n € N. (10 points)

b. Calculate A" for all n € N. (10 points)

2) LetA=[

(3) Let A € C**" be a Hermitian matrix.
a. Show that all eigenvalues of A are real. (10 points)
b. If (A1,41) and (X2, y2) are two eigenpairs of A with A; # Az, show that

{y1,y2) = 0. (10 points)

(4) Let A = [a;;] € R™" be symmetric positive definite matrix, show that
a. ai > 0 for all 1 <4 < n. (10 points)
b. azaj; > a2 for all i # j. (10 points)
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(6) Let w; € R, 1 < i< 4and A = with

w? 4+ w2 +wi+wi =1
a. Find all eigenvalues of A and its algebraic multiplicity. (10 points)
b. Calculate det(I4 — 2A). (10 points)
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1. (10 points) Evaluate

1ol
/ / eV dydz
0 Jva

by interchanging limits of integrations.

2. (10 points) A function f: R — R is called convez if for every s <t and A € [0, 1],

fs 4+ (1= A)t) < Af(s) + (1= A)f(2).

Prove that if a convex function is differentiable, its derivative f’ is an increasing function:

s<t=f(s) < f'(B).

Note: Here we do NOT assume the existence of f”. It is useful to consider the fact
that for s < t, the graph of f over [s,t] always lies below the line through (s, f(s)) and

(¢, f(2))-

3. For a subset E of a metric space (X, d), let E° be the set of interior points of E. Prove
that

(a) (10 points) E° is open.
(b) (10 points) If G C E and G is open, then G C E°

Note: z € E is an interior point if there exists » > 0 so that

B.(z)={ye X |d(z,y) <r} CE.

4. (10 points) Given a sequence of Riemann integrable functions {f,} on [a, ] and assume
that f, converges uniformly to a function f, it is known that f is also Riemann integrable
on [a,b]. With this fact, prove that

/ fdz = hm fn dz.
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5. Let A : R® — R™ be a linear map. Define the operator norm of A by

Al = sup {|Ax|m}.

|x|n <1

Here, | - |, and | - |, are the usual Euclidean lengths in R™ and R™, respectively.

(a) (10 points) Prove that

IAll = sup {|Ax|n}.

xln=1

(b) (10 points) Let A : R® — R® be defined by

z 1 0 0 T
Aly]l =10 3 -2 Y
z 0 -2 6 P

Al =7
6. (10 points) Prove that the function f : R? — R3 defined by

flz,y,2) = (e"3+2”, e¥™% + cos z, €%)

is locally invertible. That is, for every P € R3, there exists a neighborhood U of P so

that f|y : U — f(U) is invertible.

7. Consider the sequence of functions {f,}32, on [0,1] given by

sin*(nax)
sin®(nz) + (1 — na)?

fn(x) -

() (10 points) Prove that {f,}32, is uniformly bounded. That is, there exists M >0

so that | fn(z)| < M for all n, and all z € [0,1].

(b) (10 points) Use Arzela-Ascoli Theorem to prove that {fn}7%, is NOT equicontinu-

ous.
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