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. (10) Let f be a real-valued function with (n + 1) derivatives on [a, b].
Assume that f@(a) = fO() =0, i=1,2,...,n. Show that there
exists a £ € (a, b) such that f™+(€) = f(£).

2. (10) Denote singz = z. For n > 1, we define recursively sin,z =

sin(sin,-; ). Show that

sin, T

lim =1, VYneN
-0
3. (15) Given 0 < z; < m, j = 1,2,...,n. Write g = Bitat=tin Prove
o sinz; sinz\”
] %55 < (25)
=1 x; T

4. (15) Prove that the sequence {z,} converges to z € R if and only if
every subsequence of it has a subsequence that converges to z.

5. (15) For a continuous function f : R — R, prove or disprove the
following

(a) (10) If f(z) = O for every rationsl z, then f(z) > 0,Vz € R.
(b) (5) If f(z) > O for every rational z, then f(z) > 0,Vz € R.
6. (10) For what value of a > 1 is

2

1. -1
b/a "x'hl 32 d.’L‘

7. (10) Compute for n € N, the integral

minimum 7

4 sinnzx

_x (1 +2%)sinz *
8. (15) Consider the Riemann function f : [0,1] — R defined by

fla) = {0, ifz=0orifz ¢Q

Lifr=2mmneN, (mn)=1

Show by the definition of (Riemann) integrability that f is Riemann
integrable and fol f(z)dz = 0.
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(1) (25pts) The set of all polynomials of one variable r with real
coefficients is denoted by Rlr]. Let

V= {f € Rlz] : deg(f) < 4 f(~1) = £(1) = 0}.
(a, 5pts) Prove that V' with polynomial addition is a vector
space over R.
(b, 10pts) For f,g e V. let

(f.g) = / Sagte)ds

Prove that (V| (e, @)} is an inner product space.
(c, 10pts) Compute the dimension of V and find an orthonor-
mal basis.

(2) (10pts) Let A be a 2 x 2 real matrix such that A7 = —A and
det(A) # 0. Let g be a 2 x 2 real matrix. Prove ¢? Ag = A if
and only if det(g) = 1.

(3) (15pts) A complex matrix A is called unitary if ATA = I.
(a, 8pts) Prove that if A is unitary, then A is diagonalizable.
(b, Tpts) Prove that if A is unitary, then all its eigenvalues
have absolute value 1.

{(4) (10pts) For A be an n X n real matrix, denote by Ps(r) the
characteristic polynomial of A. Let g be an invertible n x n real
matrix. Prove Pyy,-1(x) = Pa(x).

(5) (20pts) Let A be an 3 x 3 matrix over R such that A™ = 0 for
some positive integer m.
(a, 10pts) Compute the mgenvalues of A. You must show
work and prove your claim.
(b, 10pts) Define A°® = I. Compute the eigenvalues of e
where e = Y —‘j—,— You must show work and prove vour
claim.

(6) (20pts) Let M3(R) be the vector space of 2 x 2 real matrices

{1 0
andA——(O 7

T : My(R) = My(R), T(B)= AB — BA.

Compute the eigenvalues and eigenvectors of 7.

) . Let 7" be the linear transformation




