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Part 1. ALGEBRA
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Let G be a group written additively with identity element 0. Note that G may not be abelian. For mappings
f:G > Gandg : G > G, one can define the sum of f and g by (f + g)(x) = f(x) + g(x) for all
x € G. A mapping [ of G is said to be #ilpotent if there is some positive integer # such chat J™(x)} = 0 for
all x € G. Here f" is f composed with itself n times. (For example f2(x) = (f o f)(x) = f(Sf(x)) and
71 = (f o NN = FU(S(x)) forali x € G.)

Show that if " and g are nilpotent endomorphisms of G such that f 0 g = g o f, then f + g is nilpotent.

Let R be a ring with 1. An ideal M of R is said to be maximal if M % R and for any ideal I such thar

M C I C R,either I = M or I = R. Use Zorn’s Lemma ro show that every proper ideal of R is conrained in
a maximal ideal.

Let R be a ring. We say that R is prime if for any nonzero elements a, b € R, there is an element x € R such
that axh # 0. Show thar the following statements are equivalent.

(i) R is prime.
(i) If I and J are ideals of R such that IJ = 0, theneither I/ = 0 or J = 0.

Let F be a field of characteristic p > 0, and @ € F. Consider the polynomial f(x) = x? —a € F[x]. Prove
that f(x) is irreducible unless @ = b# for some b € F.

Ler U, V, X and Y be vector spacesover F. Letr : X — U and 8 : ¥ — V be linear transformations. Show
that ker(a ® B) = ker(o) @ ¥ + X @ ker(B).
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(a) Let fz, k = 1,2,..., be nonnegative and measurable on E. Prove that

_[E(g:lfk) =I§Lﬁc-

{b) Let f be nonnegative and measurable on E and assume thatf f < o0.Provethat /' < oo a.e.in E.
E

o 00
(c} Let { fi} € a sequence of measurable functions on E and assume that Z f | fk| < 0¢. Show thar Z Jr
k=1"E

k=1
converges absolutely g.e. in E.

Let ¢(x) € L'(R*) andf ¢ =1.If f € LP(RM), 1 < p < 00, show that lin.'ct' |fe — flip = 0, where
Rn —
Je(x) = J % ge(x) = ]{; S (x = )¢e(t)dt, and ¢ (t) = € " (%) for each € > 0.

Let f, {/x}) € LP(R"), | £ p < oc, and assume that fi(x} = f(x) a.e. and | fr|p, = ||/ |p- Show that
lim ||/ ~ fll, = 0.
k=00
Let f : R" — R be a Lebesgue measurable function such chat
m) = pu(fx €R”: | f(x)] > A}) <CA7E, A>0.

Prove that there is a constant C| such that for any Borel set £ C R” of finite and positive measure

[E 1S ()] di(x) < Cr VACE).

Assume that (X, o, 1) is a measure space, and f € L' (X, o, p) satisfies char || f||; = f |f(x)| du(x) = 1.
Prove that *

[ 108179 du(x) <~ log ()
for all subsers E € & with 0 < p(E) < oc.




