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Part 1

L.

2 Assume that T is a linear operator on a complex inner product space V. Show that
(D IE(Tr.r)y =0 forall r € X. then T = 0.
)y H(Twr.aye R forall v € X. then T = T,
3. Let Vo he o finite dimensional vector space and V* the dual space of V.
Prove that if 11 is o subspace of V. then dim (W) dim (W°) = dim (V).
where 1170 = {feV" f(e)y=0forall r e Wl
Ao Let TR" — R™ be a linear transformation with the characteristic polynomial
F() = p(Hg(H). Suppose p(1) and q(t) arc relative prime.
(i) Prove that N(p(T)) € R(¢(T)) where N(p(T)) and R(¢(T)) denote the
null space of p(T) and the range of q(T), respectively.
(1) Does N(p(T)) = R(q(T))? Justify vour answer !
- . B C
S Suppose ALB and D oare square watrices such that A = 0 D) Show that
det A= (det BY(det D).
Part 11
L. (1) Suppose [ and g are (Riemann) integrable on [a, b} with g(x) > 0 for all » € {er, ).
Please write down the mean value theorem for integrals.
. 1
. . . - 1
(1) Suppose [:]0.1] — R is continnous and satisfies / f(x)dr = 3 Does [ have
A fixed point € in 0. 1)? 0
2. Let (Xod) be a metric space. If T maps X into X and if there is ¢ € (0,1) such that
HTr.Ty) < edr.y) for all r. y € X. then T is said to he a contraction of X into X.
The Banach contraction prineiple says that if T is a contraction of complete metrie
space X intoitself. then T has a unique fixed point £ in X. Please nse this prineiple
to answer the following problem: Slm\l\' that there is a unique continuous function
T[] = R such that f(r) =+ + §sinf(.t).
o " rsine
3. Sappose o > 1. Evaluate the limit Hm ———dr,
n—no fo 1+ (”..’l.')"
L Prove that there exist funetions u(r,y). r(r, y) and wliar,y) and an r > 0 such that

Let A be a2 x 3 matrix. Show that there exist an invertible 2 x 2natrix P and an

invertible 3 % 3 matrix  such that PAQ is of the form | ® b0
C

d 0

v are Cand satisfy the cquations
Wt — b =0
5 ;
P yut —r 40 =0
4 5
w4yt — =1

on the ball B((1. 1)) of R, and (1) =1, e(1,1) =1, w(l,1) = —1.
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