
2. SI!p]Jose tllilt I is a closed, bounded inkrv(ll of it ,\ltd f : I -7 R is cOllLiauous on 1 . Plr:<:IS(' 

prove that J is uuifollldy coutinuous on 1. 

- ,",/-11 

u( x :t) = rt:;;/.. t > Q, T E R. 
\J .J1l"t . 

(,)) Pro\' that II sat isfi cs the heat equation: 'Un - Ut = 0 for ,dl t > 0 and .T E R. 

(b) If a > 0 , IJrU\'C t ha t 7I. (.L , t ) -70 as t -70+: uniformly for.r E [0. r 

4 . Please compute t.he following integrals. 

(a) fol fa! 	 J xy + x dx dy. 

(b) f~' /2 e sin x d:t. 

o. 	 Determine whether the following sl~rics converges or diverges. 

00 
log I.: 

(a) L 	kr ' jJ> 1. 
k=! 

9k2 + 300 

(b) ~----::-­
k3L -	 2k + l' 

k=1 

6 Let A and B be sllhsct~ of Rn , Prove that 

o(A n B) ~ (A noB) u (B n oA) U (oA n DIJ). 

7. Evaluate t.he following expression: 

~ /1 Jx2y2 + TY + y + 2 dx at y = O. 
dy -I 
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Linear Algebra PhD Entrnn 'e F'xa11l D l c : 21)/10/:2010 
vVork out all problems and no credit will be given for an answer without reason­
ing. 

1. 	 (a.) (5%) Let \/ 1)(' tilc' vector space of /I-square matrices ()v'r Ii.-. Let. AI be an 
arbitrary matrix in V. Let T : V ~ V b(~ defilled by T(/l) = / \M + MA, \Vh(! r ~ 

A E V. Sh( \\' Lha~ T is a lilwar transfunn at iun. 

(b) 	 (,J %) L ·t T : 1R3 
--1 1R3 be: the linear mappillg defilled by 

T(J.;, y, z) = (T + 2y - z , y + z, x + y - 2.:: ) 

Find a bas i. and the dilllension of the kernel HI of T. What is t hr dimension of 
the image U of T'1 

(c) (5%) 	Show that no matrices A alld B E Mnxn(F) such that AB - BA = I, where 
I is an n x n identit.y matrix. 

2. (a) (5%) Show that if A is a self-adjoint matrix, then all eigellvalues of A are real. 

(b) 	 (10%) Let 11 be the vector space of n-square matrices Over a fielcllR. Let U and ~v 
be the subspaces of symmetric and skew-symmetric matrices, respectively. Shmv 
that 11 = U @ lV. 

3. (a) 	 (7%) Let 

Find An. 

(b) (8%) Find det(A- 1 ) for 

X2 

1 + ):2 

A= X2 

1 + T" 

4. Let 

1-3 	 3]
A = 3 -5 3[6 -6 4 

(a) (5%) Find the characteristic polynomial of A. 

(b) (5%) Find the minimal polynomial of A. 

(c) (5%) Find an invertible matrix P such that P-1AP is a diagona.l matrix. 
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O. 	 (8.) (7%) Let T I)( ~ a linear opera tor on a finite dimensional inner product space V. 
Show that t.here exists a unique linear operator T ' (lll V such that (T(u),iJ) = 
(u,T*(v)) , for every 11, ·C E V. 

(b) (8%) 	Let V he a fillite-dimell sional illller product spa '(' , alld let E be an idempo­
tent linear operator 011 V , i.e., H2 = E. Prove that E is self-adjoint if alld only if 
EE'· == 	 E- j j'. 

6. 	 (10%) Let If he a [illit.e r\illlPllsiollal vc t.or spac(' OWl" a field F. Let V' and V" he 
the dual a lld double <innl space of \i Define <1> : if --> \/" hy 

<I>(:r)(J) = f (x) for all x E V, f E \/'. 

Show that 1> is all isomorphism of V onto V " . 

7. 	 Let G be a group. A subgroup H of G is called a normal subgroup of G if aH = Ha for 
all a in G. Let, G' be the subgroup of G generated by the set S = {:C- 1y-l :cyl :l.:, .lJ E G}. 

(a) 	 (5%) Prove that G' is normal in G. 

(b) (5%) Prove that GIG' is Abelian. 

(c) 	 (5%) Prove that if H is a subgroup of G and G' ~ H, then H is normal in G and 
G IH is Abelian . 
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