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1. Let the sequence {a,} be given recursively by the formula

IS

ay =
apey = (2a, +4)/3.
Show that {a,} is monotone increase and bounded above. (15 points)

2. Show that the function

'1/17 1 0 1
() = —dt — - ~(lt
/() /0 I / 1+

is constant for x > 0. (15 points)

3. Prove that

S| 1
| / x-sin(l/x) dz| < (/ @ - sin?(1/x) da)/2,
0
(Hint:(3 agbp)? < >-ai S°0;.) (15 points)
I. Let f be continuous on the interval [0, 8] where f(z) + f(b—z) # 0 on [0,b]. Show
that
(15 points)

5. Suppose that f: R — R is continuous and satisfies

) = Q/OL[(.s)ds

for t > 0. Show that either f = 0 or there is a £y > 0 such that

. t—to, t2to,
£ = '
1) {O, 0<t <ty

(20 points)

6. Let f(x) be bounded and continuous on [0, 00). Let

Fit) = /000 i[—@;d:z:.

12 4 g2

Find lim, g+ F(t). (20 points)
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Let N, R and C denote the sct of positive integers, real numbers and complex numbers, repectively.

1. (10%) Let A be an n x m matrix with entries in R and let /,, denote the m x m identity matrix.
Prove that there is an m x n matrix B such that BA = I, if and only if the rank of the matrix A
1S m. ‘

2. (15%) Let V and W be finite-dimensional vector spaces over R and T : V — W be a linear
transformation. Let V* and W™ denote the dual spaces of the vector spaces V and W, and let
T*:W* — V"~ be a linear transformation defined by T*(f) = foT. Provethat T : V — W is
onto if and only if 7* : W* — V* is one-to-one.

3. (30%) Let W be a subspace of the set of functions from R to R spanned by the set %4 =
{1,e%,xe*, x’e"}. Let 7 : W — W be a linear transformation defined by

T(H() = £~ (x).

(a) (10%) Show that & = {1,e*,xe*,x’¢*} is a linear independent set.

(b) (5%) Find the matrix representation of T with respect to the basis 4.
(¢) (5%) Find the matrix representation of T2 with respect to the basis A.
(d) (5%) Find a basis for the kernel of T2,

(e) (5%) Find a basis for the image of 7.

4. (25%)

(a) (15%) Lel V be a finite dimensional vector space over R with an inner product (, ). Let
{wy1,w2,--+,wi} be an orthonormal basis for a subspace W of V with k € N. Forve V,
we let ||v|]| = \/(v,v). Fix a vector u € V and define d = inf{|ju—w|| € R | we& W}. Prove
thatd = llu— (u,wi)wy — (u,w2)wa -+~ — (u, we) wil|.

(b) (10%) Find a, B € R so that

T

T
/ (cosx— ax—B)? dx < / (cosx—ax—b)2 dx, foralla, beR.
0 0

5. (20%) Let V be a finite dimensional vector space over C with the hermitian inner product
(,). Let & = {vy,va, -+ ,v,} be an orthonormal basis for V. Let T : V — V be a linear
transformation such that {T'(v;),T(v3),---,T(v,)} is also an orthonormal basis for V.

(a) (5%) Show that (T'(v),T(w)) = (v,w) forall v, we V.
(b) (5%) Show that if {w,ws,---,w,} is any orthonormal basis for the vector space V, then
{T(w1),T(wa), -, T(wp)} is also an orthonormal basis for V.

(¢) (10%) Show that TT* = T*T = idy, where idy is the identity map of V and 7 is the
adjoint operator with respect to the hermitian inner product.
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(10 points) Let f be a simple function. taking its distinct values ay,...,ay on disjoint sets
N

. % ; . ' : N P
Ey.....Ex. respectively. Show that f(z) = a;»p, (z) is measurable on E = U, L; if and
. i=1
ouly if Fy, ..., E'x are measurable.

(10 points) Let f: 2 — R U {4+oc} be a nonnegative measurable function such that fEf < ©00.
Show that for any € > 0 there exists § > 0 such that for any measurable subset £, C E with
|Ey| < & we have f& f=ze

f(x) if f(x)

Hint: For each £ =1,2,..., and = € E, define the [unction fi(z) = <4
k if f(x) =k

Note that the sequence 0 < fi (z) / f () on E.

3. (10 points) Let f(z,y). 0 < z,y < 1, satisly the following conditions: for cach z, S(z,y)

Crs

is an integrable function of y, and (9f(x,y)/0x) is a bounded function of (x,y). Show that
(0f(r.y)/0x) is a measurable function of y for each + and

9]
dr/ /=, Ud?/_/ ox'

-+ 1 4) — f(z,
UCha yl) /= y),and determnine lim Fy,(z,y).

=3 Ti=—00
T

(10 points) Let ¢(z), z € R" be a bounded measurable function such that ¢(z) = 0 for |z| > 1
and [ ¢ =1. For € > 0, let ¢.(z) = ¢ "¢(z/e). If f € L(R"), show that

lim(/ * ¢c)(x) = f(x)

(z,y)dy.

Hint: Foreachn =1,2,..., defiue F,(x,y) =

at each Lebesgue point r of f, i.e. z is a point at which

lim — / 1 )|dy = 0 is valid.
dm G | f(y) y =

Hint: Note that lill(l)(f * ) () = lin(l) [z —y)b-(y)dy and f(z) = lill(l) f(z)p:(y) dy
&= - Bn =N Rn
(10 points) Let f, {fk} € L?. Show that if ||f — f|, — O, then | fill, — ||f|l,- Conversely, if
Ji = [ae and ||fell, = [ fll,, 1 < p < oo, show that ||f — fill, — 0.
Hint: For the converse, vou may use the following inequality and apply Fatou’s lemma.

2P +2°fel” = 1f = £l 2 0
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Work out all of the problems and show details of your works. [J

1. Let p be a prime number and 1 a positive integer.

(a) Prove that any two groups of order p are isomorphic.
(b) Show that if G is a group of order p”, then G has an element of order p.

- é ') . . .
(c) Show that if G is a group of order p~, then G is abelian.

2. (a) Find the centralizers in S7 of the permutation o = (123)(4567).

(b) Give a list of representatives for the conjugacy classes of clements of order 6 in S5.
3. Let / : R — § be a homomorphism of rights with kernel K and image 7.

(a) Show thatif N is a subring of R, then f~'(f(N)) = K + N.

(b) Show that if L is a subring of S, then f(f~"(L))=1N L.
4. Let F be a field extension of the rational numbers.

(a) Show that the set {a + b/2 | a. b € F} is a field.

(b) Give necessary and sufficient conditions for the set L = {a + b Az |a,b € F}ro
be a field.
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