CALCULUS Final SOLUTION

Exam Set:C

1.

2.

3.

(i) Since f(x) = az?(1 — z) is a probability density function on the
interval [0, 1]. So, evaluate the following integral

1 1 1
1 1 1 1
1= /0 az?(1—x)dx = a/o r?(1—z)dx = a [3303 - 4%4:| =a [3 - 4] = %

0

Thus, a = 12.
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(i) To find the first partial derivative with respect to y,hold x constant
to obtain

0 2
fy(m,y)=afy\/x2+y2= Y Y

2\/x2+y2 - \/x2+y2

The value of f,(z,y) at the point (8, —6) is

—6 —6 3
=——-=-06

6
JEZ+ (62 Vioo 10 5

fy(& _6) =

(ii) Since limg oo oz = 22, you can apply L’Hopital’s Rule,as follows

i[m]
lim —— = lim -4z :lim%:hmx:oodiv
dzx

(i) When the ball hits the ground the first time, it has traveled a distance
of
D; =16

.Between the first and second times it hits the ground, it has traveled
an additional distance of

() () == ()

1/2 1/2 1 1
/ 122%(1 — z)dx = 12/ 2*(1 — x)dr = 12 [IS - zﬂ
0 0 3 4

— 4P -3 =4 (;) -3 (116> — % — 0.3125

1/2

0



Between the second and third times the ball hits the ground, it has
traveled an additional distance of

non(3) () () () -=()

Continuing this process,you obtain a total vertical distance traveled

of
2 2
3 3 3 3

= ]64}232(2) =16+ ———— =16+ 80 = 64

D

(ii) The infinite series

Si 1 1 1
= ~ gttt

is a p-series with p = %.Because p > 1,you can conclude that the
series converges.
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Integrate both sides [dt = [ (1 7y Then

1 1
t+clz/fdy+/idy=m|y|—zn|1—y|=m|L|
Y I-y 1-y

= lnC'Qetzln|L|$Cet:L:>Cet—yCet=y
L—-y l—y
Ce'
= C = Cel = y(t
(14 Ce)y =0 = y(t) = 7

0
(i) 5 =y(0) = lfé’e)(o) =71 EC = C = 1.Thus the solution for the

equation with initial condition is y(t) =

et

1+¢€
(i) Let u =1+ cos®t, du = —2sintcostdt,Then the integral

sintcost 1/2
=—u/*4+C=—-1+cos?t+C
\/1 + cos? / \f




[eS) T 0 T b T
€ € €
/700 (1+e°)? a_>_oo/a (1+e°)? oo Jo (14 €%)?

(u=14+e"z:a—0,2:0—-b = du=c%dr,u:1+e* —2u:2—1+¢eb)

2 14-€®
= lim —Qdu + lim —2du
a——00 14-e0 U b—oo 2 u
2 1+e®
. 1 .
= lim [—] + lim [—]
a——00 u 1+ea b—oo UJo
li L + ! + li + 1
= im |[—= im |——— 4+ =
a——oo 2 1+ e@ b— oo 1+eb 2
L + i i 1 + L
= —= im — lim ———+ =
2 a—-ccl4+er boocol+el 2
= ! + 1+ L_ 1
= 5 5=

6. (i) First you interchange the order of integration so that y is the outer
variable ,then y will have constant bounds of integration given by
0 < y < 1.Solving for z in the equation y = /x implies that the

bounds for z are 0 < x < 32.Thus
1,1 3 1 P 3 1 3

1 1 1
// sin (y + )dyda: // sin(y i )dmdy:/ sin (y + )dey
N 2 0o Jo 2 0 2
3
(u= b y:0—-1 = duzindy,u:1/2—>1)

y’+1
2

L 2 [t —2 1
= /1/2 sm(u)gdu =3 /1/2 sin(u)du = ?[cosu]l/z
= %[cos(l) —cos(1/2)]

(ii) By integration by parts, we can written the integral as follows
3 3
/0 of'(@)de = [of'(2)]5 — /0 fl(@)de = [zf'(@)]§ — [f(@)]5 = 3f(0) = f(3) + £(0)
By assumption f(0) =4, f(3) =5, and f/(3) = 5.Thus
3
/ of (2)dz = 3(5) — 5+ 4= 14
0

7. Let T(z,y,2) = 822%yz and g(x,y,2) = 2 +y>+ 22 — 1.Then, define a new
function F'(z,y,z,\) by

F(z,y,x,\) =T(x,y,2) — A(z,y, 2) :8x2yz—)\(x2—|—y2—|—22—1)



To find the critical numbers of F', set the partial derivatives of F with
respect to x,y,z,and X equal to zero and obtain

F.(z,y,z,A\) = 16zyz — 2 z = 0, Fy(z,y,z,\) = 8%z — 2My =0,
F.(z,y,x,\) = 82%y —2\z =0 JEN(z oy, e N) = 2 =y =22 41 =0

Then

= x2:2y,z =y

Substitute this into the equation Fy(x,y,z,\) = —22 —y?> —22+1 =10
and solve y

1 1
0=Fy(@,y,2,0) = =2 —y" —y" + 1= y" = 7 = 45
Using this y-value,you can conclude that the critical values are
1 =>z==+ ! —jzl
Y= 2 T = \/§7Z_ 2
-1 1 1
x 5 =z \/§7Z 5
which implies that the temperature value is
1 11 1 11
T —, =, = | =8(1/2)(1/2)(1/2) =1,T ——, = | =8(1/2)(—1/2)(1/2) = —1
(ﬁ,m) /20172072 = 1.7 (£ -1, 5 ) = 80/212/2) = -1,
T 1 1 8(1/2)(1/2)(-1/2) = -1,T j:L R =8(1/2)(1/2)(1/2) =1
2 - ) \/57 2a 2 - ]

Thus,the pomt(s) on the sphere at which the temperature is greatest is

1 11 11 1
+—, =2 ), (==, -2, -2
(=7 23) (555 2)

the point(s) on the sphere at which the temperature is least is

gty
\/g’ 2 ) 2 ) ﬁ7 2 ) 2
8. (i) The first derivative of f is f/(z) = 3z%. Thus ,the iterative formula
for Newton’s Method is

. ~ flza) . _x3—67
A R T




The calculations for two iterations are shown in the table.

n Tn f(zn) f/(l'n) f/((?;)) Ty — f/((g;:))
1 4 -3 48 —0.0625 4.0625

2 | 4.0625 | 0.04712 | 49.51172 | 0.00095 4.06155
3 | 4.06115

Thus,the approximation is v/67 = 4.06115

Begin by finding several derivatives of f and evaluation each at ¢ = 64

g(r) ==

g (x) =

1/3
1
Z,-2/3

3
-2

g//(x): 5 1,75/3

9(64) =

4

1
g'(64) = 5(0.0625) = 0.02083

—2
g"(64) = —~(0.00098) = ~0.00011

Thus, the two-degree Taylor polynomial is

g(z) = g(64) + g'(64)(x — 64) +

To evaluate the series when x = 67.

9" (64)(x — 64)°

2!

=4+ 0.02083(x — 64) — 0.00011(z — 64)*

g(67) = 4+0.02083(67—64)—0.00011(67—64)2 = 4+0.02083(3)—0.00011(9) = 4.0615

= 0PX=0)4+1P(X=1)42P(X=2)+3P(X=3)+---

= €

41 42 43 4t 42
4 4 —4 _ —4 -4 -4 .
ﬁ+2€ 54—36 §+---—4e (1+e T +e o1 +
oo 477/
_ -4 & 44 _
= 4e Z T e "e* =4
n=0
o0 a
uwo= / x (46_4x) dr = lim x (46_4“”) dx
0 = Jo
a e 1
= lim [—xe_%‘o—&—/ e_4xdx} = lim [—ae_4“—e_4”’
a— 00 0 a—00 4
1 1 —a 1
o . 4da . .
= alggo [—ae ~ Toda + 4} = algr;o i alLr{:o Tota + 1
I 1 n 1 1
= —lim —+-=-
a—oo 4eda 4 4
lim x> (46 495) dx
a—r o0 O




1 a
= lim | —z%e % e s e dy
a— o0 0 2 0
. —a? a 1 e
= Jlim L—m T 9pda g |0}
I —a? i a 1 n 1
= lim — lim - —
a—oo eda a—oo 2ela a—oco Seda 8
. —2a . 1 . 1 . —2 . 1
= lm ——1lm —+-=1lm —— + —
a—oo 4dedd  asoo 8eda 8 asoo 16e** 8
1
8

Thus
1 1 1 1
“=\Vs @ =VE 1

10. Finding several derivatives of f and evaluation each at ¢ =0

f(x) = in (}j—g) = In(1+z)—In(l - ) £(0) =0
fl($):14l_x_1:1m:1_2$2 f1(0)=2
" — 0— (*255) — 2x " _
f'(@) = n2 N 2 f70)=0
(1 —x ) (1 - )
2(1-2%)" —20(2(1 —a?)(-21)) 94 g 19 (0) = 2

1)) =

(i)' (1)’

Continuing this process,we can see that f(?»=2)(0) = 0, f2»~1(0) = 2,
Thus the Taylor series

"0 2 "0 3 (0 4
f@) = FO)+ f(oye+ Q2 SO FO7
2! 3! 4
2 2 ©  9p2ntl
= 2 a4 St = et
ST @2n+1)!
n=0
. . 2
For this power series, a, = @+ 1)
#lﬂn%}
. an+1x2(n+1)+1 @n+3)! . 2
f 2n+1 = m =] = lim _
n—oo anx n— oo 71;2”_‘_1 n—oo (2n+3)(2n+2)
(2n + 1)!

So,by the Ration Test, this series converges for all  and the radius of
convergence is 0o



