
���������������94�������

����������

1.�� lim
x→∞

(x2−4
x2−1

)x2+1.

Ans: Consider ln((x2−4
x2−1

)x2+1) = (x2 + 1)(ln(x2 − 4) − ln(x2 − 1))

lim
x→∞

(x2 + 1)(ln(x2 − 4) − ln(x2 − 1)) = lim
x→∞

ln(x2−4)−ln(x2−1)
1

x2+1

lim
x→∞

2x
x2−4

− 2x
x2−1

−2x
(x2+1)2

= lim
x→∞

(x2+1)2(x2−1−x2+4)
−(x2−4)(x2−1)

= −3

Since ln is a continuous function, lim
x→a

ln(x) = ln(lim
x→a

x), and by the L’Hospital’s

rule lim
x→∞

(x2−4
x2−1

)x2+1 = e−3.

2.��(a)
∫ 1

0
x5ex3

dx.

(b)
∫ π

4
0

dθ
(tan2 θ+4tan θ+3) cos2 θ

(c)
∫

8x2+4x−11
(x+3)(x−1)2

dx

Ans: (a) Let u = x3. Then
∫ 1

0
x5ex3

dx =
∫ 1

0
u · 1

3
· eu du

=1
3

[
ueu|10 −

∫ 1

0
eudu

]
= 1

3

(b) Let u = tan θ ⇒ du = sec2 θdθ

��=
∫ 1

0
du

u2+4u+3
=

∫ 1

0
1
2

[
1

u+1
− 1

u+3

]
du = 1

2
[ln(u + 1) − ln(u + 3)]|10

= 1
2
[ln 3 − ln 2]

(c) 8x2+4x−11
(x+3)(x−1)2

= A
x+3

+ B
x−1

+ C
(x−1)2

⇒ A = 49
16

, B = 79
16

, C = 1
4

��=
∫ 49

16

x+3
+

79
16

x−1
+

1
4

(x−1)2
dx = 49

16
ln |x + 3| + 79

16
ln |x − 1| − 1

4
1

x−1
+ C

3.��(a)
∫ 1

1
2

1√
2t−t2

dt (b) lim
x→1

1
x−1

(
∫ x

1
2

1√
2t−t2

dt − π
6
)

Ans: (a) Letting 1 − t = sin θ, we have dt = − cos θdθ and for 1
2
≤ t ≤ 1, 0 ≤ sin θ ≤

1
2
⇒ cos θ ≥ 0 and

√
1 − (1 − t)2 = cos θ.

Thus,
∫ 1

1
2

1√
1−(1−t)2

dt =
∫ 0

π
6

− cos θdθ
cos θ

= −θ|0π
6

= π
6

(b) Let f(x) =
∫ x

1
2

1√
2t−t2

dt. Then lim
x→1

1
x−1

(
∫ x

1
2

1√
2t−t2

dt − π
6
) = lim

x→1

f(x)−f(1)
x−1

.

Since
√

2t − t2 > 0 for 0 < t < 2, f(x) is differentiable at x = 1, and the

1



Fundamental Theorem of Calculus implies that

lim
x→1

f(x)−f(1)
x−1

. = f ′(1) = 1√
2t−t2

∣∣∣
t=1

= 1

4. ������
∫ ∞
0

ex−2ex
dx����? ��	�����,����.

Ans: Consider
∫ t

0
ex

e2ex dx. (Let u = ex)

=
∫ et

1
du
e2u =

∫ et

1
−1

2
(−2e−2u)du

= −1
2
e−2u

∣∣et

1
= −1

2
(e−2et − e−2)

lim
t→∞

− 1
2
(e−2et − e−2) = lim

t→∞
−1
2

( 1

e2et − 1
e2 ) = 1

2e2

5.�R = {(x, y) ∈ R
2|1 ≤ x ≤ 4, 1 < y ≤ 1 + x

1
2}. ��:

(a) R �x = 1 ����������.

(b) R �x = 0 ����������.

Ans:

(a) V ol =
∫ 4

1
2π(x − 1)[1 +

√
x − 1]dx

=
∫ 4

1
2π(x

3
2 − x

1
2 )dx

2



= 2π(2
5
x

5
2 − 2

3
x

3
2 )

∣∣∣4
1

= 2π(62
5
− 14

3
)

��: V ol = π · 32 +
∫ 3

2
π{32 − [(y − 1)2 − 1]2}dy

= π · 32 · 2 − ∫ 3

2
π[(y − 1)2 − 1]2dy

(b) V ol =
∫ 4

1
2πx[1 +

√
x − 1]dx

=
∫ 4

1
2πx

3
2 dx

= 4π
5

x
5
2

∣∣∣4
1

= 124π
5

��: V ol = π(42 − 12) +
∫ 3

2
π[42 − (y − 1)4]dy

= π · 42 · 2 − π · 12 · 1 − ∫ 3

2
π[(y − 1)2]2dy

6.
���y = x
1
2�y = 0 ��. ���1 ≤ x ≤ 4 ����������.

Ans: Area =
∫ 4

1
2π · x 1

2 ·
√

1 + (1
2
x− 1

2 )2 dx =
∫ 4

1
2π · x 1

2 ·
√

1 + 1
4
x−1 dx

= 2π
∫ 4

1

√
x + 1

4
dx = 2π(x + 1

4
)

3
2 · 2

3

∣∣∣4
1

= 4π
3

(17
3
2

8
− 5

3
2

8
) = π

6
(17

3
2 − 5

3
2 )

7. �f(x) =
√

x3 + x + 6,�(f−1)′(4),����f�	���4���.

Ans: 4 =
√

x3 + x + 6 ⇒ x = 2 (���x2 + 2x + 5��)

∴ (f−1)′(4) = 1
f ′(2) = 1

13
8

= 8
13

8.�f(x) =

{
3x + x2 sin 1

x
�x �= 0

0 �x = 0
���f ′(x)�����.�f ′(x)���,���
�.

Ans: When x �= 0, f ′(x) = 3 + 2x sin 1
x

+ x2 cos 1
x
· (− 1

x2 )

= 3 + 2x sin 1
x
− cos 1

x

At x = 0, lim
x→0

f(x)−f(0)
x−0

= lim
x→0

3x+x2 sin 1
x

x

= lim
x→0

(3 + x sin 1
x
)

And, since
∣∣sin 1

x

∣∣ ≤ 1, 0 ≤ ∣∣x sin 1
x

∣∣ ≤ |x|
⇒ lim

x→0
0 ≤ lim

x→0

∣∣x sin 1
x

∣∣ ≤ lim
x→0

|x| = 0

⇒ lim
x→0

∣∣x sin 1
x

∣∣ = 0

⇒ lim
x→0

x sin 1
x

= 0

⇒ f ′(0) = 3

3



9.�f(x) = x3

x2−1
. ���f(x) ��, ��, ��, ���, �����, ��


y = f(x)��.

Ans: ���; x = 1, x = −1, y = x.

local maximum: (−√
3,−3

√
3

2
).

local minimum: (
√

3, 3
√

3
2

).

point of reflection: (0, 0).

��:
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